In this paper we describe the relationship between characters of finitely generated torsion-free nilpotent groups of class 2 and their completions. In particular we give a detailed description of this connection for the discrete Heisenberg group.
Introduction
We consider a discrete group G which is nilpotent, finitely generated and torsionfree. If G is the Mal'cev completion of G, the theory of characters of G is well understood [6] . How then do we relate the character theory of G to that of G with the aim of finding a simple description of the characters of G? In fact, the situation is not simple even in the case when G has nilpotence class 2 since not all characters of G extend to those of G nor do all characters of G restrict to those of G. To be specific this paper is concerned with comparing the characters of the discrete Heisenberg group In Section 2, we cover all basic concepts, notation and related matters. In Section 3, we give some important facts related to the so-called AIC groups of [3] . Next in Section 4 we introduce the concept of an induced trace of a discrete countable nilpotent group of class 2. In Section 5, we develop the main theory in which we deal with a discrete group G which is of class 2, finitely generated and torsion-free. Finally, in Section 6, using the main theorem in Section 5, we describe some relations between characters of the discrete Heisenberg group and those of its completion.
All groups in this paper are assumed to be discrete and countable.
Notation, terminology and related matters
For subsets A and B of a group G we write [A, B] to denote the group generated by elements of the form [ We shall write ψ| A to denote the restriction of ψ to a set A, and B(G) for the set of all bounded complex functions on G. If G is an abelian group, G is the dual of G, that is, the set of all complex homomorphisms from G to the unit circle.
We recall that a group G is nilpotent if its upper central series defined by
. .}, terminates after a finite number of steps in G.
A group G is called complete if, for every integer n0 and every a ∈ G, the equation x n = a has a unique solution. It is known that every torsion-free nilpotent group can be embedded in a complete torsion-free nilpotent group ([4, page 18]). A minimal complete torsion-free nilpotent group containing a given torsion-free nilpotent group G is termed a Mal'cev completion of G (it is unique up to isomorphism), or shortly a completion of G, and denoted by G. In fact, any element of G is an element some power of which lies in G ( [11, page 256] ).
Assume now that the group G is discrete. A positive definite function ϕ:
The set Tr(G) of all traces of G equipped with the pointwise topology is a compact convex set. The extreme points of this set (i.e. those f which cannot be written as a convex combination of two different traces) are called characters of G. We denote the set of all characters of G by Ch(G). A character ϕ ∈ G is said to be
For a group G, let G f be the normal subgroup consisting of all elements with finite conjugacy classes, that is the set of all x such that x G {g −1 xg : g ∈ G} is finite. Then, G is said to be flat if, for every
G is a coset of some subgroup of G. The group is termed a group with absolutely idempotent characters (AIC) if, for every character ϕ of G we have |ϕ|
(This is equivalent to saying that for every character ϕ of G, ϕ ≡ 0 off Z(G/k(ϕ)).) It is straightforward to see that every nilpotent group of class 2 is AIC, and it is well known that every complete nilpotent group is AIC ([5, theorem 4.2]).
Let H be a normal subgroup of a group G. Suppose that G acts on Tr(H) by conjugation, that is, if g ∈ G and ϕ ∈ Tr(H),
It is well known that, if ϕ is an G-invariant trace of H, then ϕ on G with ϕ| H = ϕ and ϕ is 0 off H, is a trace of G (see [16] ), and therefore it is easy to show that ϕ extends to some character of G. If H is not necessarily normal and N G (H) is its normalizer in G, for a character ϕ of H, we write Stab
Some facts about AIC nilpotent groups
The AIC groups appear to be the most tractable non-abelian nilpotent groups from the point of view of character theory. Here we give some facts about these groups. We shall use them in the sequel.
Proof. The part (⇐) is obvious. We show the part (⇒). Let ϕ ∈ Tr(G). Without loss of generality we can assume that ϕ is faithful. Note that Tr(G) is metrizable since G is countable. By Choquet's theorem ( [13, page 19] 
where µ is a probability measure on Ch(G). Suppose that |ϕ| ≡ 1 on Z(G). From (3·1) we note that
Since ϕ is extremal on Z(G), it follows from [13, proposition 1·4] that
Proposition 3·2. Let G be a group and ϕ ∈ Tr(G). Consider the following statements : Proof. The equivalence between (ii) and (iii) is obvious. The fact that (i) implies (ii) is also obvious. Suppose that ϕ satisfies condition (ii). By Fact 3·1, ϕ ≡ 0 off Z(G/k(ϕ)). But then the argument in the proof of Fact 3·1 also shows that ϕ is a character of G since it follows from ϕ = Ch(G) ψ dµ(ψ) that ϕ = ψ for some ψ ∈ Ch(G). Thus (i) holds.
The following proposition characterizes the elements of Ch(G) when G is AIC and nilpotent. 
Proof. The part (⇒) is obvious. For the part (⇐), since ϕ is a trace of G, then it is a character by Proposition 3·2. 
Proof. The part (⇐) follows from Proposition 3·2 since ϕ is a homomorphism on Z(N/k(ϕ)). For the part (⇒), suppose on the contrary that there exists an
Corollary 3·5. Let G be a torsion-free nilpotent group. Then, every character of G extends to a character of G Z(G). If G is AIC, every character of G Z(G) restricts to a character of G.
Proof. The first statement is straightforward, while the second one follows from Proposition 3·4.
The induced trace of a nilpotent group of class 2
Let N be a normal subgroup of a nilpotent group H of class 2. We discuss here the concept of an induced trace of H by a trace of N . This clearly has connections with induced representations. However, for simplicity, we ignore the connections here.
Proposition 4·1. Let H be a group and N be a subgroup (which is not necessarily normal in H). Let ϕ be a trace of N . Suppose that, for all x ∈ H, we define ψ
x on H by
If M is an invariant mean on B(G), then φ with
Proof. We shall show first that φ is positive definite. Since for
We shall next show that φ is central. Fix x, y ∈ G. Let y ψ x be the left translation of ψ x by y. Let h be an arbitrary element of
Therefore,
for all x, y ∈ H.
We need the following two facts.
Fact 4·2. ([8, page 38]). Let G be a topological group and f be a continuous function in B(G). If f is weakly almost periodic, then all invariant means on B(G) agree at f .

Fact 4·3. ([14, theorem 3.1]). Let G be a topological group. Then a continuous function f ∈ B(G) is weakly almost periodic if and only if lim
are equal whenever they both exist.
We also recall that every nilpotent group G has an invariant mean on B(G) ( [7, page 517]).
Proposition 4·4. Let H be a nilpotent group of class 2, N H and ϕ ∈ Tr(N ). Suppose that for all x ∈ H, ψ x is as in Proposition 4·1. Then all invariant means on B(H)
Proof. In view of Fact 4·2, we shall show that, for all x ∈ H, ψ x is weakly almost periodic, and for this we will employ Fact 4·3. Suppose now that there exists sequences (h i ) and (g j ) in H such that lim i lim j ψ x hi (g j ) and lim j lim i ψ x hi (g j ) both exist. We will show that they are the same. It is enough to consider this for x ∈ N . Then we have
We also have the same limit for lim j lim i ψ x (h i g j ).
We now have the following definition.
where M is an invariant mean on B(H).
We next consider the following lemma whose proof is a simple modification of that of [9, theorem 18.10].
Lemma 4·6. Let G be a countable group. Suppose that S is a subspace of B(G) on which all left invariant means of B(G) agree. If M is a left invariant mean of B(G), then there exists an increasing sequence (U n ) of finite subsets of G with
Proof. Since N H, ψ x = 0 if x^N . We now consider the value of ϕ ↑ H N on N . By Lemma 4·6, there exists an increasing sequence (F n ) of finite subsets of H with
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As H is discrete, Γ Cl{ϕ h : h ∈ H} is a compact group, and
where µ Γ is the normalized Haar measure on Γ. Now let If x^A(ψ; N, H) , then γ 0 (x)1 for some γ 0 ∈ Γ, and
where A(ϕ; N, H) is given by
The main results
We recall that all groups we are considering here are assumed to be discrete and countable. (ϕ; N, H) . Proof. This is an immediate consequence of [5, 
Then we have the following lemma.
Lemma 5·4. For all φ ∈ Ch(H), φ ∈ s(ϕ) for some ϕ ∈ Ch(N ).
Proof. Let φ ∈ Ch(H). We will set ϕ ∈ Ch(N ) and ψ ∈ Ch(S ϕ ) such that ψ| N = ϕ and φ = ψ ↑ 
, where is a finite product, i ∈ Z(H/k(φ)) and n i ∈ N. Then we have
Thus x ∈ Z(N 1 /k(ϕ 1 )), and we have proved that ϕ is a character of N . Now let
Thus Z(H/k(φ)) ⊆ S ϕ , and hence N 1 ⊆ S ϕ . Observe that N 1 S ϕ . We shall now show that ϕ 1 is S ϕ -invariant. Let g ∈ S ϕ and x i n i ∈ N 1 , where is a finite product,
. Thus we note that
Hence we have
which shows that ϕ 1 is S ϕ -invariant. Let ψ be a character of S ϕ which extends ϕ 1 .
Since ϕ and φ agree on Z(H/k(φ)) and [H, H] ⊆ Z(H/k(φ)), we observe that
A(ψ; S ϕ , H) = {x ∈ S ϕ : ψ([x, H]) = (1)} = Z(H/k(φ))
.
. Let H be a nilpotent group of class 2, and N H such that [H, H] ⊆ N . Let s be the map defined earlier, and for ψ ∈ Ch(N ), let
s((N/[H, H]) ψ) γ∈(N/[H,H]) s(γψ).
Then s defines a map from (N/[H, H]) −orbits of Ch(N ) onto D {s((N/[H, H]) ψ)
: ψ ∈ Ch(N )}.
Theorem 5·5. For such N and H, we have the following facts. (i) The map s is a 1-1 correspondence, and D is a decomposition of Ch(H). (ii) For every ϕ ∈ Ch(N ) such that {x ∈ H : ϕ([x, H]) = (1)} = [H, H], s(ϕ) is a singleton, that is s(ϕ)
= {ϕ↑ H N }. Moreover, if ϕ 1 = γϕ 2 for some γ ∈ (N/[H, H]) , then s(ϕ 1 ) = s(ϕ 2 ).
(In case Z(H) ⊆ N , the theorem also works if we replace the group [H, H] with Z(H).)
Proof. We shall show (i). Let ϕ 1 and ϕ 2 be characters of N such that
for some ψ 1 ∈ Ch(S ϕ1 ) and ψ 2 ∈ Ch(S ϕ2 ) with We shall now show (ii). Let G be a finitely generated, torsion-free, nilpotent group of class 2, and G be its completion. It is important to note that Z( G) = Z(G) ([12, theorem 1]). We abbreviate for Z(G) and Z( G) respectively as Z and Z. We then have the following notation and facts for the next theorem:
Fact 5·6. Let G be a torsion-free, nilpotent group of class 2.
(
i) Every character in Ch 1 (G) extends uniquely to a character in Ch 1 (G Z), and every character in Ch 1 (G Z) extends to a character in Ch 1 ( G). (ii) Every character in Ch 2 (G) extends to a character in Ch 2 (G Z). (iii) Every character in Ch 1 (G Z) (resp. Ch 2 (G Z)) restricts to a character in Ch 1 (G) (resp. Ch 2 (G)), and every character in Ch 1 ( G) restricts to a character in Ch 1 (G Z).
Proof. For the first part of (i), let ϕ ∈ Ch 1 (G). Define ϕ with ϕ(gz) ϕ(g), g
1 ) = 1, and hence ϕ(g 1 z 1 ) = ϕ(g 2 z 2 ) as ϕ is a homomorphism. We see therefore that ϕ is a well defined homomorphism on Z(G Z/k(ϕ)) = G Z, so that ϕ is a character in Ch 1 (G Z) which extends ϕ. This ϕ is unique, for if ψ ∈ Ch 1 (G Z) such that ψ| G = ϕ, then ψ = γϕ for some γ ∈ (G Z/G) by Lemma 5·2, and hence γ| Z ≡ 1, which implies γ ≡ 1. For the second part of (i), let ψ ∈ Ch 1 (G Z). As ψ( Z) = (1), ψ is G-invariant, so that by Fact 3·2, this extends to some character of G. Part (ii) follows immediately from the first part of Corollary 3·5. The first part of (iii) follows from the second part of Corollary 3·5, while the second part is obvious according to Proposition 3·4, for if φ ∈ Ch 1 ( G) and For each ϕ ∈ Ch 1 (G) (resp. Ch 2 (G)) we shall fix ϕ as a representative of those members of Ch 1 (G Z) (resp. Ch 2 (G Z)) which extend ϕ. Also, for each ψ ∈ Ch 1 (G Z) we shall fix ψ as a representative of those members of Ch 1 ( G) which extend ψ. Theorem 5·7. Let G be a finitely generated, torsion-free, nilpotent group of class 2, and let G be its completion. Then we have the following correspondences. 
Proof. We shall first show (i). By the first part of each Fact 5·6(i) and Fact 5·6(iii), the map ϕ → ϕ is a 1-1 correspondence between Ch 1 (G) and Ch 1 (G Z). Noting the second part of Fact 5·6(i), we have a map r : ψ → r(ψ), ψ ∈ Ch 1 (G Z), with
that is, by Lemma 5·2, r(ψ) = ( G/G Z) ψ. Clearly, this map is injective. It follows from the second part of Fact 5·6(iii) that this map is a surjection from Ch 1 (G Z) onto ( G/G Z) -orbits of Ch 1 ( G), and hence (i) follows.
We shall now show (ii). Suppose that G satisfies [x, G] = Z for all x^ Z. Then we notice that for all ψ ∈ Ch 2 (G Z) Ch 2 (G Z),
and by Theorem 5·5(ii), s 2 (ψ) is a singleton, so that we can identify it as an element of 
(The equality follows immediately from Fact 5·6(ii), the definition of s and Lemma 5·2.) Let {ϕ α } α∈Λ be a set of all representatives of (G Z/ Z) -orbits of Ch 2 (G). For every α ∈ Λ, let ϕ α denote a representative of the characters in Ch 2 (G Z) which extend ϕ α . Then we notice that which is a decomposition of Ch 2 (G Z). Next, we also have a 1-1 map from
(The equality follows from Theorem 5·5(ii).) Then the relation
Hence the map σ • s 1 is the desired 1-1 correspondence for part (b).
For part (a), let us fix ϕ 0 ∈ Ch 1 (G). Since G Z/ Z = G/Z, it follows that (G Z/ Z) ϕ 0 = Ch 1 (G). Then we have the following association:
(The equality follows immediately from Fact 5·6(i), the definition of s and Lemma 5·2.) Here,
where s 2 ((G Z/ Z) ψ), by Fact 5·6(i) and Lemma 5·2, is equal to Ch 1 
, and equal to s 2 (ψ) (which is a singleton in Ch 2 
Thus, the map τ • s 2 is the desired map for part (a).
Characters of the discrete Heisenberg group and of its completion
Consider the discrete Heisenberg group G, that is
This is finitely generated, torsion-free and nilpotent of class 2. Then the completion G of G is
That G arises (implicitly or explicitly) in various situations in analysis. It effectively gives rise to the irrational rotation C * -algebras ( [15] ). In fact these are quotient algebras of the C * -group algebra of G. Its completion G is the rational Heisenberg group. Whereas the character theory of G is complicated by subgroups of finite index (in Z but then also in G), no such subgroups exist in G and so the character theory of the rational Heisenberg group is in principal much simpler. Of course the dual of Q is involved in the description of Ch( G) and this complicates it but this object is just another abelian compact group. Thus to understand the relationship between the "simpler" character theory of the rational Heisenberg group and the more complicated theory of the integer Heisenberg group helps elucidate the latter.
For that G, we shall look at the characters in both Ch(G) and Ch( G) and the relation between them. Since Ch(G) = Prim(C * (G)) and Ch( G) = Prim(C * ( G)) (see [3, 5] ), we also have the same relationship between primitive ideals of C * (G) and C * ( G) as between the characters of these two groups.
We first consider the following fact.
Fact 6·1. Let G be a torsion-free nilpotent group with centre of rank 1.
and only if Z(G/k(ϕ)) = Z(G). (ii) If ϕ is a character of G, then either Z( G/k( ϕ)) = Z( G) or k( ϕ) ⊇ Z( G).
Proof. Fact 6·1 is helpful in reducing the computation of characters of torsion-free nilpotent groups with centre of rank 1. The characters of the discrete Heisenberg group G are well understood ( [2, 10] ), so are the characters of G (see [1, example 2·4] ). With the aid of Fact 6·1 and Proposition 3·3, we can also find the characters of both G and G.
A 0, γ) ).
